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Abstract: We show that the geometric interpretation of D-branes in WZW models
as twisted conjugacy classes persists in the λ–deformed theory. We obtain such config-
urations by demanding that a monodromy matrix constructed from the Lax connection
of the λ–deformed theory continues to produce conserved charges in the presence of
boundaries. In this way the D-brane configurations obtained correspond to “inte-
grable” boundary configurations. We illustrate this with examples based on SU(2)
and SL(2,R), and comment on the relation of these D-branes to both non-Abelian
T-duality and Poisson-Lie T-duality. We show that the D2 supported by D0 charge
in the λ–deformed theory map, under analytic continuation together with Poisson-Lie
T-duality, to D3 branes in the η-deformation of the principal chiral model.
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1 Introduction
The study of two-dimensional quantum field theories with boundaries has rich physical
and mathematical significance. In the context of open string theory, the boundary
conditions describe D-branes, an essential non-perturbative ingredient of string the-
ory. More generally 2d conformal field theories with boundaries have applications in
condensed matter systems including boundary critical behaviour, percolation models
and quantum impurity problems (see e.g. [1, 2]). When the correct CFT description
is available the application of boundary conformal field theory (BCFT) can render the
physics tractable [3, 4]. Another interesting class of theories comes from integrable
systems1; here one is lead to ask (both classically and quantum mechanically) what
boundary conditions can be implemented such that the integrability of the system is
preserved. The present paper will in some way consider both contexts; we aim to study
boundary effects in field theories that are integrable and at some point in the parameter
space are connected to conformal field theories.
Our primary motivation will be that of string theory; i.e. we are interested in un-
derstanding the D-branes admitted by a given curved closed string background. In
general this is a very demanding problem since one would like to have a precise CFT
formulation, see e.g. [7]. A simple example is provided by the Wess-Zumino-Witten
(WZW) model [8] describing closed strings propagating in a group manifold supported
by Neveu-Schwarz flux. Whilst BCFT can be employed here to give an algebraic
description of the D-brane [9] our interest will lie in the elegant geometric picture de-
veloped through a number of works [10–13]. By identifying possible gluing conditions
at the boundary it is determined that D-branes are described by (twisted) conjugacy
classes. For example in the SU(2)k WZW model one finds two D0-branes and a further
k−1 D2-branes that are blown up to wrap the conjugacy classes described by S2 ⊂ S3.
When an explicit CFT description is unknown and one has just a non-linear sigma-
model describing strings in a curved background, giving a precise description of D-
branes is challenging. However in a special circumstance, namely when the sigma-model
is integrable, progress can be made. One can seek boundary conditions that preserve
integrability and hope that they are amenable to a simple interpretation as D-branes.
What is meant by preserve integrability? At a classical level it is natural to demand
that the boundary condition preserves a large number of conserved charges. There are
typically two sorts of conserved charges at play, higher spin local charges and non-local
1See [5] or for a recent set of useful lecture notes [6].
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charges (e.g. for the principal chiral model (PCM) see [14] for local charges and the
construction of a non-local Yangian × Yangian structure starts with [15]). In this work
we will focus our attention on the boundary conditions that preserve some portion of
the tower of non-local charges obtained from a monodromy matrix. We anticipate that
the same boundary conditions will also preserve higher spin local charges. We shall
see that this quite naturally generalises the gluing conditions used in the case of the
WZW model. This approach has its origins in [16, 17] and has been used in a variety
of contexts including the identification of integrable boundary conditions for strings in
bosonic sigma models [18], in Green-Schwarz sigma models [19]2, for the O(N) sigma
model [21, 22], the principal chiral model [23, 24], open spin chains (e.g. [25, 26] al-
though the literature is vast) and affine Toda field theories [27]. For methods based on
the conservation of local spin charges see e.g. [28–31].
The present manuscript will seek to make a bridge between the two above ways of
determining boundary conditions. The λ-deformed WZW model introduced by Sfetsos
in [32] provides an ideal arena to do this. At a classical level the λ-deformation is an
integrable 1+1 dimensional field theory that depends on a parameter λ ∈ [0, 1]. At
λ = 0 the WZW model is recovered while in a scaling limit as λ → 1 one find the
non-Abelian T-dual to the principal chiral model. For generic values of λ the dynamics
can be encoded by means of a Lax connection and so a natural question to ask is what
boundary conditions can be placed on a λ-model that preserve integrability. Should
one wish, once such boundary conditions are established, the limit λ→ 0 can be taken
providing an alternative route to the D-brane configurations of the WZW model. It is
tricky to apply integrability techniques directly to the WZW model due to the chiral
nature of the current, so one can think of λ as providing a convenient alleviation of
this. What we shall see in this paper is that, through a number of pleasing algebraic
cancelations, the twisted conjugacy classes define integrable boundary conditions even
in the deformed model3. Moreover, when a quantisation condition is required on the
worldvolume flux of D-branes the cancellations are such that the result is independent
of the (continuous) deformation parameter λ as it must indeed be for consistency.
A further motivation for the present study comes from duality. To fully establish
2In the context of the AdS/CFT correspondence see also [20] and references therein.
3When taken in isolation the λ-deformation is actually a marginally relevant deformation of the
WZW and is not a CFT [33]. However we continue to use the terminology of D-branes to describe
boundary conditions. It is expected that when applied to super-cosets the λ-deformation becomes a
true marginal integrable deformation [33–35] which hopefully makes this usage somewhat acceptable
to a string theorist. Moreover, they provide genuine supergravity solutions when a suitable ansatz is
made for the RR fluxes and the dilaton [36–40].
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a duality one would like to have access to its action on both perturbative and non-
perturbative degrees of freedom. Consider conventional Abelian target space duality
in the absence of any NS two-form potential: here the interpretation is quite simple, a
T-duality transverse to a Dp brane produces a D(p + 1) brane whilst when performed
along a direction of the worldvolume a D(p− 1) is produced. This can be seen rather
simply by considering the open string boundary conditions; since T-duality acts as a
reflection on right-movers, Neumann N and Dirichlet D boundary conditions are in-
terchanged. For more exotic notions of target space duality, e.g. non-Abelian [41] or
Poisson-Lie [42], such an understanding is less refined (although see [43–49] and recent
work in [50–52]) one reason being that the geometries concerned are not flat making
it harder to identify the appropriate boundary conditions. Here however we will have
access to an elegant description of D-brane boundary conditions in the λ-model whose
interplay with duality can be readily studied. For instance by taking the λ → 1 limit
on our D-brane configurations we will gain information about the brane spectrum of
the non-Abelian T-dual theory. It is also known that after appropriate analytic contin-
uations the λ-model produces a geometry that is Poisson-Lie T-dual to the integrable
η-deformed principal chiral model [53–56]. By examining this analytic continuation on
our D-brane configurations we will too gain information about the brane spectrum of
the Poisson-Lie T-dual theory. We study this interplay of duality with D-brane config-
urations in the case of the SU(2) theory. Here we find that under either the “λ → 1
+ non-Abelian T-duality” or “analytic continuation + PL T-duality” procedures, the
D2 branes discovered in the λ-model are transformed to space filling D3 branes.
The structure of the paper is as follows. We will briefly review in section 2 the saliant
features of integrable λ-deformations of WZW models, in section 3 we will explain the
strategy used to derive integrable boundary conditions and then apply it directly to
the λ-deformed WZW. We illustrate this in section 4 in the context of examples based
on both SU(2) and SL(2,R) theories, where in the latter case we see the possibility of
twisting conjugacy classes by an algebra outer automorphism. In section 5 we explore
the relation of these D-brane configurations to both non-Abelian and Poisson-Lie T-
duality. In the appendices we establish our conventions and the necessary ingredients
of the general sigma model and the WZW model.
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2 λ-deformations
First, we will briefly review the construction of [32] in order to set up the sigma model
action from which the background fields can be read off and a Lax connection repre-
senting the equations of motion can be found. The isotropic λ deformation from group
manifolds is obtained by starting with a sum of a PCM on G for a group element
g˜ ∈ G4,
SPCM(g˜) = −κ
2
pi
∫
dσdτ 〈g˜−1∂+g˜g˜−1∂−g˜〉 , (2.1)
and a WZW model on G for a different group element g ∈ G as in eq. (B.1). Altogether,
this action has a global GL×GR symmetry for the PCM and a GL(z)×GR(z¯) symmetry
group for the WZW. One continues by gauging simultaneously the left symmetry action
of the PCM and the diagonal action of the WZW acting as,
GL : g˜ → h−1g˜ , Gdiag : g → h−1gh , (2.2)
with h ∈ G, using a common gauge field A = AATA transforming as,
A→ h−1Ah− h−1dh . (2.3)
The total model is made gauge invariant by replacing the derivatives in the PCM by a
covariant derivative D˜±g˜ = ∂±g˜−A±g˜ (i.e. by minimal substitution), and by replacing
the WZW model (B.1) with the G/G gauged WZW model,
SgWZW,k(g, A) = SWZW,k(g)+
k
pi
∫
dσdτ 〈A−∂+gg−1−A+g−1∂−g+A−gA+g−1−A−A+〉 .
(2.4)
Finally, we can fix the gauge to g˜ = 1 to find,
Sk,λ(g, A) =SWZW,k(g)− k
λpi
∫
dσdτ〈A+O−1g−1A−〉
+
k
pi
∫
dσdτ 〈A−∂+gg−1 − A+g−1∂−g〉 ,
(2.5)
where we introduced the useful operator,
Og = (1− λD)−1 , (2.6)
given in terms of the adjoint action D(TA) = adgTA = gTAg
−1 = TBDBA(g). For the
isotropic λ-model, which is the model we consider throughout this paper, we have,
λAB = λ〈TA, TB〉 ≡ ληAB, λ = k
k + κ2
. (2.7)
4See appendix B for conventions.
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The gauge fields are now auxiliary and can be integrated out. Varying the action Sk,λ(g)
with respect to A± we find the constraints,
A+ = λOg∂+gg
−1 , A− = −λOg−1g−1∂−g , (2.8)
Substituting these constraints into eq. (2.5) gives,
Sk,λ(g) = SWZW,k(g) +
k
pi
∫
dσdτ RA+
(
λ−1 −DT )−1
AB
LB−
=
k
2pi
∫
Σ
dσdτLA+ηABL
B
− +
k
pi
∫
dσdτ RA+
(
λ−1 −DT )−1
AB
LB−
+
k
24pi
∫
M3
FABCL
A ∧ LB ∧ LC , (2.9)
in which Lie algebra indices out of position are raised and lowered with the metric
η = 〈·, ·〉 and we work in term of the Maurer-Cartan forms L = g−1dg = −iLATA and
R = dgg−1 = −iRATA. From the above λ action it is straightforward to read off the
target space data which can be expressed in terms of the left-invariant forms LA as:
ds2λ = k (Og−1 +Og − η)AB LA ⊗ LB ,
Bλ = BWZW +
k
2
(Og−1 −Og)AB LA ∧ LB ,
(2.10)
where we have used that RA = DAB(g)L
B and in which dBWZW =
k
6
FABCL
A∧LB∧LB.
Equivalently we can use the identity (and this will proof useful later),
Og−1 +Og − η = (1− λ2)Og η Og−1 = (1− λ2)Og−1 η Og , (2.11)
to express the target space metric as,
ds2λ = k ηAB E
A ⊗ EB, E =
√
1− λ2Og−1L, (2.12)
with E the vielbein bringing us to the flat frame. In addition the Gaussian elimination
of the gauge fields, when performed in a path integral, results in a non-constant dilaton
profile,
Φ = Φ0 − 1
2
ln detOg−1 , (2.13)
in which constants are absorbed into Φ0. Finally, one can derive the classical energy
momentum tensor of the λ-model to find,
T±± = k (1− λ2)〈A± , A±〉 . (2.14)
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There are two interesting limits at play here [32]; for λ → 0 we see from eq. (2.8)
that the fields A± will freeze out and, hence, one will reproduce the well-understood
WZW model (see appendix B), allowing consistency checks of analyses of the deforma-
tion. For small λ the WZW is deformed by a current-current bilinear. In the λ → 1
limit one reproduces the non-Abelian T-dual of the principal chiral model. This limit is
more subtle and should be taken by k →∞ in eq. (2.7) and expanding group elements
around the identity (but see section 5 for more details).
To establish the classical integrability of the λ model it is convenient to work with
eq. (2.5) but where we take the gauge fields on-shell eq. (2.8) (although see [32] for the
proof of integrability starting from eq. (2.9)). In this way any variation of the action
with respect to A± vanishes and calculations simplify. From eq. (2.5) we then find the
equation of motion for the group element g to be,
D+
(
g−1D−g
)
= F+− , (2.15)
where we introduced the derivative D±· = ∂± · − [A±, ·] and the field strength F+− =
∂+A− − ∂−A+ − [A+, A−]. Using the on-shell expression for A±, eq. (2.8), this can be
rewritten as,
∂±A∓ = ± 1
1 + λ
[A+, A−] . (2.16)
Hence, effectively we have recast one second order equation for the field g, by the
constraints, as two first order equations for A±. It is now straightforward to show that
the following Lax connection,
L±(z) = − 2
1 + λ
A±
1∓ z , z ∈ C , (2.17)
satisfying the flatness condition dL+L∧L = 0 is equivalent to the equations of motion
(2.16) thereby ensuring its classical integrability [57] (see also the next section).
3 Integrable boundary conditions
3.1 General methodology
This section closely follows [18, 19] for obtaining open string boundary conditions that
preserve integrability based on a method first introduced by Cherdnik and Sklyanin
[16, 17] in the context of two-dimensional integrable systems. We add here a slightly
more general procedure applicable to integrable sigma models which has not been
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clearly spelled out yet in the literature (however, see [24] for a recent usage hereof in
the case of the PCM) but which can lead to distinct integrable D-brane configurations.
Consider first a general (1 + 1)-dimensional field theory in a spacetime (or worldsheet)
Σ parametrised by (τ, σ) on a periodic or infinite line with a global symmetry group
G. The model is said to be classically integrable when its equations of motion can
be recast in a zero curvature condition of a gC-valued Lax connection one-form L(z)
depending on a spectral parameter z ∈ C [57],
dL(z) + L(z) ∧ L(z) = 0 . (3.1)
The Lax L(z) is defined up to a local gauge transformation by a Lie group element
g(τ, σ) ∈ G given by,
L(z) → Lg(z) = gL(z)g−1 − dgg−1 , (3.2)
leaving the zero curvature condition (3.1) invariant. In this case, an infinite set of
conserved charges can be obtained from the usual transport matrix T (b, a; z) defined
by,
T (b, a; z) =
←−−−
P exp
(
−
∫ b
a
dσ Lσ(τ, σ; z)
)
, (3.3)
where we included the explicit dependence on the (worldsheet) coordinates and the
arrow specifies the ordering of the integral as per [5]. The transport matrix satisfies
the following useful properties,
δT (b, a; z) = −
∫ b
a
dσT (b, σ; z)δLσ(τ, σ; z)T (σ, a; z) , (3.4)
∂σT (σ, a; z) = −Lσ(τ, σ; z)T (σ, a; z) , (3.5)
∂σT (b, σ; z) = T (b, σ; z)Lσ(τ, σ; z) , (3.6)
T (a, a; z) = 1 , (3.7)
and under the gauge transformation (3.2) it transforms as,
T (b, a; z) → T g(b, a; z) = g(τ, b)T (b, a; z)g−1(τ, a) . (3.8)
Using the flatness of the Lax L(z) together with the above properties, one can now
show that,
∂τT (b, a; z) = T (b, a; z)Lτ (τ, a; z)− Lτ (τ, b; z)T (b, a; z) . (3.9)
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Therefore, under periodic boundary conditions σ ' σ + 2pi (for e.g. the closed string)
we find that the trace of the monodromy matrix T (2pi, 0; z) is conserved5,
∂τ TrT (2pi, 0; z)
n = 0 ∀ n ∈ N . (3.10)
Different sets of conserved charges (local or non-local) can then be obtained from ex-
panding the monodromy matrix or its gauge transformed form around suitable values
of the spectral parameter leading typically to Yangian algebra’s or quantum groups for
the non-local sets of charges, see e.g. [58].
For later convenience, we define here also a generalised transport matrix,
TΩ(b, a; z) =
←−−−
P exp
(
−
∫ b
a
dσ Ω [Lσ(τ, σ; z)]
)
, (3.11)
where Ω is a constant Lie algebra automorphism. This generalised transport matrix
behaves under time derivation as,
∂τT
Ω(b, a; z) = TΩ(b, a; z)Ω [Lτ (τ, a; z)]− Ω [Lτ (τ, b; z)]TΩ(b, a; z) , (3.12)
such that ∂τ TrT
Ω(2pi, 0; z)n = 0 for all n ∈ Z, and under gauge transformations as,
TΩ(b, a; z) → ω (g(b))TΩ(b, a; z)ω (g−1(a)) , (3.13)
where the map ω : G → G is defined as ω (etX) = etΩ[X] for t small and X ∈ g. Here
we assumed the corresponding Lie group G to be connected to the identity (in this case
ω is a constant Lie group automorphism also).
When the model is considered on a finite line, e.g. σ ∈ [0, pi] in the context of sigma
models describing open strings, the charges obtained from the above procedure are
generically not conserved. Similarly to the loss of conservation of momentum along
the spatial direction, integrability might be spoiled. However, with the appropriate
boundary conditions one can still obtain an infinite set of conserved charges from the
so called boundary monodromy object Tb(z) that involves the transport matrix T from
the σ = 0 end of the open string to the σ = pi end glued to the generalised transport
matrix TΩ in the reflected region, i.e. going in the other direction. At the boundaries
we include the possibility of non-trivial effects incorporated by the so-called reflection
matrices U0 and Upi that are in the Lie group G. Hence we define
6,
Tb(z) = U0T
Ω
R (2pi, pi; z)U
−1
pi T (pi, 0; z) , (3.14)
5Alternatively, on the infinite line with suitable asymptotic fall-off conditions we find immediately
that ∂τT (+∞,−∞; z) = 0.
6When the Lie algebra automorphism Ω is taken to be inner we recover the discussion of [18] up
to a suitable redefinition of the reflection matrices. The possibility of Ω to be outer, however, leads to
interesting non-trivial boundary conditions.
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where the allowed boundary conditions are encoded in conditions on the reflection
matrices and the automorphism Ω. As discussed in [18, 19] the reflection matrices are
taken to be constant in time and independent of the spectral parameter7. The transport
matrix TR(2pi, pi; z) in the reflected region is constructed from the transformation σ →
σR = 2pi−σ when σ ∈ [pi, 2pi]. We will assume in the following the reflected generalised
transport matrix to have the form,
TΩR (2pi, pi; z) = T
Ω(0, pi;−z) , (3.15)
which will indeed be the case for the λ model.
In general this strongly depends on the specific form of the Lax connection L(z)
but the following procedure can be easily adapted to other cases. Similar to the bulk
model, we impose integrability by requiring that the time derivative of the boundary
monodromy matrix is given by a commutator,
∂τTb(z) = [Tb(z), N(z)] , (3.16)
for some matrix N(z), such that TrTb(z)
n is conserved for any n ∈ N. Explicitly we
find using the formulae (3.9) and (3.12) that,
∂τTb(z) = U0
[
TΩ(0, pi;−z)LΩτ (pi;−z)− LΩτ (0;−z)TΩ(0, pi;−z)
]
U−1pi T (pi, 0; z)
+ U0T
Ω(0, pi;−z)U−1pi [T (pi, 0; z)Lτ (0; z)− Lτ (pi; z)T (pi, 0; z)] , (3.17)
discarding here the τ -dependence and using the notation LΩ(z) = Ω[L(z)]. One can
show that the integrability condition (3.16) sufficiently holds for N(z) = Lτ (0; z) when
we require the following boundary conditions on both the open string ends:
Lτ (τ, 0; z) = U0Ω[Lτ (τ, 0;−z)]U−10 , (3.18)
and similarly on σ = pi (but where in principal the reflection matrix Upi can be different
allowing the open string to connect different D-branes). Substituting the Lax connec-
tion of the considered model in eq. (3.18) imposes integrable boundary conditions on
the field variables, together with consistency conditions on the automorphism Ω and
the reflection matrix U as will be clear in the coming subsection.
However this is not the end of the story: the above procedure leads to sufficient
7These conditions are preferred for the interpretation of the boundary conditions as physical D-
brane configurations. However the spectral parameter independence e.g. might be relaxed as in [24]
where the objective is to map the boundary conditions to known boundary scattering matrices of the
quantum theory containing a free parameter.
– 10 –
conditions for integrability of the boundary model but they are not necessary. We
can cook up any exotic boundary monodromy matrix Tb(z); as long as it satisfies
∂τTb(z) = [Tb(z), N(z)] for some N(z) an infinite set of conserved charges can be con-
structed. It is e.g. an interesting possibility to consider also a gauge transformation in
the reflected region ,
Tb(z, δ) = U0T
gΩ
R
(
2pi, pi; δ˜R;w
)
U−1pi T (pi, 0; δ; z)
= U0ω(g(0))T
Ω
(
0, pi; δ˜;−w
)
ω(g(pi))−1U−1pi T (pi, 0; δ; z) , (3.19)
where we used eq. (3.13) and eq. (3.15) and we included in the transport matrix8 the
possible dependence on δ representing (multiple) deformation parameters. Moreover,
in the reflected region there is the possibility that the spectral parameter and the
deformation parameters change, meaning w = F (z) and δ˜ = G(δ) for some suitable
functions F and G. Although we will not consider this for the λ-deformed model, we
are convinced that a detailed investigation of this possibility in other integrable models
will lead to interesting results and we hope to return to this point in the future.
3.2 Applied to λ-deformations
Having the Lax connection of the isotropic λ-deformation on group manifolds at hand
one can now derive the integrable boundary conditions corresponding to the boundary
monodromy matrix Tb(z) given in eq. (3.14). One can check that eq. (3.15) indeed
holds for the Lax (2.17). Using now the constraints (2.8) we can write the Lax in a
convenient form in terms of the Maurer-Cartan forms L− = g−1∂−g and R+ = ∂+gg−1,
Lτ (z) = 2λ
1 + λ
1
1− z2
(
Og−1 [L−]−Og[R+]− z (Og−1 [L−] +Og[R+])
)
, (3.20)
where recall Og = (1− λD)−1. Plugging the above into the result (3.18) and requiring
the reflection matrices to be z-independent leads to the following boundary conditions9,
Og−1 [L−]|∂Σ = −Ω ·Og[R+]|∂Σ, (3.21)
where, for consistency, Ω should be a constant involutive Lie algebra automorphism. A
further restriction comes from demanding the (classical) conformal boundary condition
8The cumbersome notation T gΩR represents the gauge transformed transport, acted on by the
automorphism Ω and reflected.
9Here we absorbed the reflection matrices U0/pi (which are essentially an additional inner auto-
morphism action) into the definition of the automorphism Ω and discarded the indication of the open
string end. However one should keep in mind that in principle Ω can be different on each end.
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(see eq. (A.7)) which requires the energy-momentum tensor to satisfy T++| = T−−|.
Using the form of the stress tensor of the λ model (2.14) we require that Ω preserves
the inner product 〈·, ·〉. This is important for the boundary conditions to preserve
conformal invariance in the WZW limit λ → 0 [3, 4, 9–13]. Summarising, Ω is a
constant Lie algebra metric-preserving involutive automorphism:
Ω ∈ Aut(g) , Ω2 = 1 , ΩTηΩ = η . (3.22)
The integrable boundary conditions thus obtained reduce in the λ→ 0 limit exactly to
chiral-algebra preserving symmetric D-branes of the WZW model [3, 4, 9–12] (in the
terminology of [12] the type D conditions (B.8)).
3.3 Interpretation as twisted conjugacy classes
Like in the WZW case, we desire a geometrical interpretation of the (integrable) bound-
ary conditions (3.21) as Dirichlet and Neumann conditions on g : ∂Σ → N defining a
D-brane N . In this regard it is important to realise that eq. (3.21) takes values in the
tangent space of G at the identity TeG ' g. To interpret the geometry of the D-brane
configurations one needs local conditions on an arbitrary point g ∈ G obtained by
translating eq. (3.21) to TgG (which is non-trivial for non-Abelian group manifolds).
However, as λ deformations of WZW theories deform only the target space data while
the tangent space TgG is independent of the choice of metric, it is clear that only the
size of the classical D-branes can change while their topology must be unaffected com-
pared to the well-known WZW branes. We will show here that this is indeed the case
leading to (integrable) boundary conditions corresponding to D-brane configurations
that are (twisted) conjugacy classes [10–12].
First, we should split the tangent space TgG at g ∈ G orthogonally to the D-
brane N with respect to the λ-deformed metric (2.12) (assuming the metric restricts
non-degenerately to N),
TgG = TgN ⊕ TgN⊥ . (3.23)
Important here is that the object Ω˜g ≡ O−1g−1 · Ω · Og gluing left to right currents in
eq. (3.21) is easily shown to preserve the deformed metric (2.12) at g provided that Ω
preserves the inner product η = 〈·, ·〉. Indeed, writing the metric as
Gλ = kE
TηE = k (1− λ2)LTOg−1 η OgL = k (1− λ2)LTOg η Og−1L , (3.24)
we have Ω˜TgGλΩ˜g = Gλ. Moreover, it is straightforward to show that the deformed
metric at g is invariant under an adjoint action by g, i.e. DTGλD = Gλ.
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With these properties of the deformed metric at hand we can now exactly follow
the procedure used in the WZW case of [12, 13] for finding the tangent space TgN to
the D-brane when treating Ω˜g as the gluing matrix. This leads to,
TgN =
{
u−O−1g−1 · Ω ·Og[g−1u]g | ∀u ∈ TgG
}
. (3.25)
Using the transitivity property of left and right translations on group manifolds, to-
gether with Ω being an automorphism (and thus bijective), there exists for every
u ∈ TgG a Lie algebra element X such that,
u = −gO−1g−1Ω[X] . (3.26)
Hence, TgN is equivalently given by,
TgN =
{
O−1g [X] g − gO−1g−1Ω [X] | ∀X ∈ g
}
= {(1+ λΩ) [X]g − g (λ1+ Ω) [X] | ∀X ∈ g} . (3.27)
Contrary to the WZW case, we have here the extra property on the Lie algebra automor-
phism Ω that it is involutive, Ω2 = 1, and thus defines a symmetric space decomposition
of the Lie algebra g:
g = h⊕ k , (3.28)
where Ω[h] = h , Ω[k] = −k and,
[h, h] ⊂ h , [h, k] ⊂ k , [k, k] ⊂ h . (3.29)
Hence, also TgN splits accordingly,
TgN = {(1 + λ) (Hg − gH) | ∀H ∈ h} ⊕ {(1− λ) (Kg + gK) | ∀K ∈ k} , (3.30)
It is now possible to rescale (1 + λ)H → H and (1− λ)K → K such that,
TgN = {Hg − gH | ∀H ∈ h} ⊕ {Kg + gK | ∀K ∈ k}
= {Xg − gΩ[X] | ∀X ∈ g} . (3.31)
As expected, this is exactly the tangent space to the twisted conjugacy class Cω(g)
defined by10,
Cω(g) =
{
h g ω(h−1)| ∀h ∈ G} , (3.32)
10Recall the definition of the map ω : G→ G under eq. eq. (3.13).
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shown explicitly in [12, 13]. Hence, the worldvolumes N of the integrable D-brane con-
figurations lie on twisted conjugacy classes Cω(g) of the group G on which the deforma-
tion is based. In the λ-deformed background only the size of the branes (determined by
the induced deformed metric) change, as also illustrated in the following section. The
twisted conjugacy classes are classified by the quotient Out0(G) = Aut0(G)/Inn0(G)
of metric-preserving outer automorphisms of G since two automorphisms that are re-
lated by an inner automorphism in Inn0(G) lead to twisted conjugacy classes that differ
simply by a group translation [13]. However, the involution condition ω2 = 1 from in-
tegrability does not allow these group translation to be arbitrary and in practice there
will only be a small number of them, depending on the dimensionality of G. When
the group automorphism ω is taken to be the identity element of Out0(G), the twisted
conjugacy classes reduce to regular conjugacy classes [10].
Note finally that, using Frobenius’ integrability theorem and Ω being an automor-
phism, the D-brane N is a submanifold of G eliminating the possibility of intersecting
integrable D-brane configurations [12, 13] using the methodology outlined in section
3.1.
4 Examples
In this section we will apply the above observations explicitly in two simple examples:
the λ deformation based on the SU(2) and SL(2,R) Lie groups. In the compact SU(2)
case only regular conjugacy classes exist and we will derive the boundary equations
explicitly for them (necessary for section 5). Moreover we will show that the flux
quantisation condition remains independent of λ. We will perform a semi-classical
analysis of the spectrum of quadratic fluctuations and demonstrate that turning on
λ will lift the zero modes of the WZW branes. In the non-compact SL(2, R) the
study of both regular and twisted conjugacy classes is possible. Here we will focus
on the classical aspects showing only the twisted conjugacy classes to be (classically)
physical in contrary to the regular conjugacy classes. Moreover we find again the flux
quantisation to remain independent of λ.
4.1 The S3 deformation
For su(2) the metric-preserving algebra automorphisms form the group of rotations
SO(3) while Out0(SU(2)) is known to be trivial. The D-branes in the S
3 manifold
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therefore lie on regular conjugacy classes. In light of this we choose the following
convenient parametrisation for the SU(2) group element,(
cosα + i cos β sinα e−iγ sinα sin β
−eiγ sinα sin β cosα− i cos β sinα
)
, (4.1)
such that the S3 is given by an S2 parametrised by β ∈ [0, pi] and γ ∈ [0, 2pi] fibred
over an interval α ∈ [0, pi]. Regular conjugacy classes are distinguished by Tr(g) =
2 cosα constant and so correspond to this S2. Note that integrability only allows group
translations from involutive inner automorphisms that correspond here to rotations
over an angle pi. For the WZW analysis of these D2-branes see we refer to [59, 61–63].
We first recall the target space geometry of the λ-deformed theory [32],
ds2λ = 2k
(
1 + λ
1− λ dα
2 +
1− λ2
∆
sin2 α(dβ2 + sin2 βdγ2)
)
,
Hλ = 4k
2λ∆ + (1− λ2)2
∆2
sin2 α sin βdα ∧ dβ ∧ dγ ,
e−2Φ = e−2Φ0∆ ,
(4.2)
where ∆ = 1+λ2−2λ cos 2α. Here we note that in performing the Gaussian integration
to arrive at the λ model a dilaton (2.13) is produced. In the metric observe that, and
this will be important, that the deformation leaves the S2 intact changing only the
radius of this sphere as it is fibred over α.
The integrable boundary condition obtained from (3.21) with Ω = 1 reads,
∂−α = −∂+α ,
(1 + λ2 − 2λ cos 2α)∂−β =
(
2λ− (1 + λ2) cos 2α) ∂+β − (1− λ2) sin β sin 2α∂+γ ,
(1 + λ2 − 2λ cos 2α)∂−γ =
(
2λ− (1 + λ2) cos 2α) ∂+γ + (1− λ2) csc β sin 2α∂+β .
(4.3)
It is immediately clear that α obeys a Dirichlet boundary condition and Xa = {β, γ}
obey (generalised) Neumann boundary conditions (A.4) which should take the standard
form,
Ĝab(X)∂σX
b = Fab∂τXb , (4.4)
in which Fab = B̂ab + 4piFab11 (see also appendix A). We first re-express the Neumann
boundary condition as,
∂σβ = −λ− 1
λ+ 1
cotα sin β∂τγ , ∂σγ =
λ− 1
λ+ 1
cotα csc β∂τβ , (4.5)
11For the level k to obey the conventional quantisation we have used units in which α′ = 2.
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and making use of the metric restricted to α = const we extract the two-form,
F = k
2∆
(1− λ)2 sin 2α sin βdβ ∧ dγ . (4.6)
We can now evaluate the DBI action (A.10),
SDBI = T2
∫
e−Φ
√
Ĝ+ F = 4pik T2 e−Φ0 sinα . (4.7)
where we absorbed a factor of 1−λ into the constant dilaton e−Φ0 . Naively this would
suggest that the only stable D-branes are the ones for which this quantity is minimised
i.e. the D0 branes located at α = 0 and α = pi. However the flux quantisation stabilises
the branes in other locations in a slightly subtle way. There are two well defined forms
at play; the NS three form H and a two-form on the D-brane submanifold ω which
is, by virtue of the construction, equal to the two-form F . The quantisation is now a
statement that the relative cohomology class [(H,ω)] be integral [45, 64–66] demanded
by consistency for the definition of the WZ term in the action (2.5) (see also appendix
B). Put plainly, the difference in periods of ω over the D2-brane worldvolume N and
H on an extension B whose boundary is the D2-brane ∂B = N should be integral i.e.
1
4pi
∫
N
ω − 1
4pi
∫
B
H ∈ 2pi Z . (4.8)
For the case at hand, let us locate the D2 brane at α = α? and integrate H over an
extension α ∈ [0, α?]. This yields∫
B
H = −2kα? + k(1− λ)
2 sin 2α?
∆?
. (4.9)
At the same time we have ∫
N
ω =
k(1− λ)2 sin 2α?
∆?
, (4.10)
so that in the combination entering the quantisation condition eq. (4.8) all dependence
on the deformation parameter λ drops out and one recovers the conventional result for
the WZW model; there are, in addition to the D0-branes, stabilised D2’s located at12
α? =
npi
k
, n = 1 . . . k − 1. (4.11)
12We are assuming throughout that we are in the semi-classical regime and so ignore any conse-
quences of the shift k → k + 2 [1].
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Let us now evaluate the dynamics of fluctuations of this D-brane. For that we need
to consider dependence on the target space time coordinate; i.e. we need to introduce
an extra time-like dimension to the target space. We will choose a synchronous gauge
and let the coordinates of the worldvolume of the D2 be Xa = (t, β, γ). Following [59]
we examine fluctuations of the transverse scalar and worldvolume gauge field in the
DBI action,
S = T2
∫
e−Φ
√
−det(Ĝab + Fab), (4.12)
where ,
Fab = Bab + 2piα′(∂aAb − ∂bAa) . (4.13)
For direct comparison to [59] we reinstate explicit factors of α′. It should be emphasised
that the metric Ĝ needs to be pulled back to the worldvolume according to,
Ĝab = Gµν∂aX
µ∂bX
ν , (4.14)
which induces derivatives for fluctuations in the transverse scalar. To perform this
analysis it is helpful to pick a gauge for the antisymmetric field [32],
B = −kα′
(
α− (1− λ)
2
∆
cosα sinα
)
sin βdβ ∧ dγ . (4.15)
Then we make the ansatz for fluctuations,
α = α? + δ(X) , At = 0 , Aβ =
k
2pi
aβ(X) , Aγ =
k
2pi
α?(cos β − 1) + k
2pi
aγ(X).
(4.16)
Now the procedure is to expand the DBI action to quadratic order in the fluctuation and
to extract classical equations of motion13. The intermediate steps of this calculation
are extremely unedifying and made algebraically complicated by the appearance of the
function ∆(α) in various places. However, somewhat remarkably to a large extent all
of the complications cancel out to leave a very simple result. In terms of the covariant
fluctuation g(t, β, γ) = − 1
sinβ
(∂βαγ − ∂γαβ) we find equations of motion,
d2
dt2
(
δ
g
)
= − 1
kα′
1 + λ2
1− λ2
(
2 + (1+λ)
2
1+λ2
 2
2 (1+λ)2
1+λ2

)(
δ
g
)
, (4.17)
in which  is the Laplacian on the S2. This operator can be diagonalised in terms of
an expansion in spherical harmonics. In the lth sector (i.e. where  = l(l+ 1)) we find
13As in [59] in the expansion there is a linear term proportional to the fluctuation of the quantised
D0 charge which must necessarily vanish and so we neglect it in what follows.
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that the eigenvalues are,
1
k(1− λ2)(1 + l)
(
(1 + λ)2l + 2(1 + λ2)
)
,
1
k(1− λ2) l
(
l(1 + λ)2 − (1− λ)2) . (4.18)
These are all positive, hence stable fluctuations of positive mass. Since g carries no
s-wave as a consequence of flux-quantisation and that the s-wave of δ has a frequency
squared of 2
kα
1+λ2
1−λ2 – it is not a moduli. It is interesting to notice that the p-wave triplet
(i.e. l = 1) acquires a positive mass for λ 6= 0; this lifting of zero modes is a reflection of
the fact that one of the SU(2) symmetries is broken in the target space metric and so
we are not longer free to move the S2 of the D-brane about the S3. Put another way, in
the undeformed theory these zero modes on the worldvolume are associated Goldstone
modes from breaking the SU(2) global symmetry of the target space by the D-brane;
in the deformed theory there is no longer such an SU(2) symmetry to be broken and
hence no corresponding Goldstone. A further feature of the spectrum is that it inherits
a Z2 invariance λ→ λ−1, k → −k displayed by the λ-deformed worldsheet theory [60].
4.2 The AdS3 deformation
For the sl(2,R) algebra it can be shown that the metric-preserving automorphisms
form the group SO(1, 2) = SO(1, 2)+ ∪ SO(1, 2)− where SO(1, 2)+ correspond to the
usual rotations and boosts, while SO(1, 2)− transformations are obtained from an ad-
ditional reflection and time-reversal. The metric-preserving outer automorphism group
Out0(SL(2,R)) descends from the latter and can be shown to have, besides the iden-
tity, one non-trivial element given in convenient representation by the conjugation
ω(g) = ω1gω
−1
1 with
ω1 =
(
1 0
0 −1
)
6∈ SL(2,R) . (4.19)
The corresponding Lie algebra automorphism Ω defined by Ω[TA] = Ω
B
ATB = ω1TAω
−1
1
is readily shown to be an involution and therefore defining with (3.21) consistent in-
tegrable boundary conditions. Note that we might as well represent the non-trivial
Out0(SL(2,R)) element by a conjugation with,
ω2 =
(
0 1
1 0
)
6∈ SL(2,R), (4.20)
which is connected to ω1 with an involutive inner automorphism that corresponds in
SO(1, 2) with a rotation over pi. Moreover, it is important to emphasise that this
inner automorphism is the only allowed group translation leading to integrable D-
brane configurations in AdS3. We are thus allowed to make two distinguished cases in
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the analysis of D-branes in the λ-deformed AdS3 corresponding to regular and twisted
conjugacy classes.
First, let us parametrise the SL(2,R) in a general way as,
g =
(
X0 +X1 X2 +X3
X2 −X3 X0 −X1
)
(4.21)
with Xi, i = {0, 1, 2, 3}, real and with the defining relation −X20 +X21 +X22 −X23 = −1,
making apparent the AdS3 embedding.
The regular conjugacy classes (obtained by taking ω the identity) are distinguished
by Tr(g) = 2X0 constant and substituting this into the defining relation one finds the
geometry of the corresponding D-branes (see also [62, 63, 67]). The geometry will
depend on the values of X0; for X0 > 1 the conjugacy classes correspond to de Sitter
D1-strings, for X0 < 1 they correspond to H2 instantons and for X0 = 1 to the future-
and past light-cone. In the next, we will consider only the former de Sitter D1-strings
since the study of instantons is beyond the goal of this paper and for the latter case
the metric will be degenerate. However, as shown by [67], the de Sitter WZW-branes
are tachyonic and, as we will shortly touch upon, they will stay so when turning on the
deformation.
The twisted conjugacy classes (3.32) are obtained by conjugation with ω1,
Cω(g) =
{
h g ω1 h
−1| ∀h ∈ G}ω−11 , (4.22)
and are thus distinguished by Tr (g ω1) = 2X1 constant. The corresponding D-brane
configurations are, for any X1 ∈ R, two-dimensional Anti de Sitter D1-strings (see
also [67]). Equivalently, when conjugating with ω2, twisted conjugacy classes will be
distinguished by Tr (gω2) = 2X2 constant corresponding again to AdS D1-strings. The
choice of representation depends on how one wants to analyse these D-brane configu-
rations together with the choice of parametrisation of the SL(2.R) group element. In
both cases, however, one sees from the defining AdS3 relation that the integrable AdS2
branes are static configurations. In the WZW case, these D-branes configurations are
shown to be physical in [67].
dS D1-strings
A convenient parametrisation to describe the dS D1-strings is one where we replace in
(4.21) the elements by,
X0 = coshψ, X3 = sinhψ sinh τ, X1 + iX2 = sinhψ cosh τe
iφ (4.23)
with ψ ∈ [0,∞[, τ ∈]−∞,∞[ and φ ∈ [0, 2pi] (although, they are not good global coor-
dinates). Here the AdS3 is build up out of fixed ψ-slices of dS2 spacetimes parametrised
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by τ and φ corresponding to the dS D1-strings. Note that in this coordinate system
we describe D1-strings that are static configurations in AdS3.
The target space geometry of the λ-deformed AdS3 is,
ds2λ = 2k
(
1 + λ
1− λ dψ
2 +
1− λ2
∆̂
sinh2 ψ
(−dt2 + cosh2 t dφ2))
Hλ = 4k
2λ∆̂ + (1− λ2)2
∆̂2
sinhψ2 cosh τdψ ∧ dτ ∧ dφ
e−2Φ = e−2Φ0∆̂
(4.24)
with ∆̂ = 1 + λ2 − 2λ cosh 2ψ. In these coordinates it is obvious that the deformation
leaves the dS2 D1-strings intact but changing the radius with a squashing factor
1−λ2
∆̂
.
Comparing the integrable boundary conditions obtained from (3.21) with Ω = 1
with the boundary conditions from the sigma model approach, i.e. Dirichlet (A.3) and
(generalised) Neumann (A.4), one can extraxt the two-form F on the dS D1-brane to
find,
F = k (1− λ)
2
∆̂
sinh 2ψ cosh τdτ ∧ dφ. (4.25)
See also [10, 64, 65] for a general formula in terms of the gluing matrix. The induced
metric Ĝ on the D1-brane is obtained simply by enforcing ψ = constant in eq. (4.24).
The DBI action now evaluates to (absorbing a factor 1− λ into the constant dilaton),
SDBI = T1
∫
e−Φ
√
−det(Ĝab + Fab) = 4pik T1 e−Φ0
∫
dτ
√
− sinh2 ψ cosh2 τ (4.26)
and, hence, is supercritical.
One could equally perform this analysis in the global cylindrical coordinates along
the lines of [67] to describe dynamical configurations of a circular D1-string and argue
that these are unphysical trajectories. We expect however no new information to be
gained.
Anti de Sitter D1-strings
At first sight a logical coordinate system to describe the AdS D1-strings seems to be
the global AdS coordinates where the elements of (4.21) are replaced by,
X0 + iX3 = coshψ coshωe
iτ , X1 = sinhψ, X2 = coshψ sinhω (4.27)
with {ψ, τ, ω} ∈ R3. The twisted conjugacy class (4.22) (obtained by conjugation
with ω1 of eq. (4.19)) lie along fixed ψ-slices which correspond to AdS2 spacetimes
parametrised by τ and ω.
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In this coordinate system the target space geometry of the λ-deformed theory is,
ds2λ = 2k
1 + λ
1− λ
(
∆˜ + 4λ(cos2 τ cosh2 ω − 1)
∆˜
dψ2 + 2λ
sin 2τ cosh2 ω sinh 2ψ
∆˜
dψdτ
− 2λcos
2 τ sinh 2ω sinh 2ψ
∆˜
dψdω + cosh2 ψ
(
−(1 + λ)
2 − 4λ cos2 τ
∆˜
cosh2 ωdτ 2
+2λ
sin 2τ sinh 2ω
∆˜
dτdω +
(1− λ)2 − 4λ cos2 τ sinh2 ω
∆˜
dω2
))
Hλ = 4k
2λ∆˜ + (1− λ2)2
∆˜
cosh2 ψ coshωdψ ∧ dτ ∧ dω (4.28)
e−2Φ = e−2Φ0∆˜
with ∆˜ = (1 + λ2)− 4λ cos2 τ cosh2 ω cosh2 ψ. One can readily verify that in the WZW
λ → 0 limit the metric reduces to the obvious slicing of AdS3 by AdS2 spacetimes
along ψ. However, when turning on the deformation this slicing becomes obscure and
one can not read of a “squashing” factor of the AdS D1-strings in contrary to the
dS case of above. An explicit analysis of the integrable boundary conditions (3.21)
with the conjugation by ω1 teaches us however that it is indeed the ψ direction that is
Dirichlet. The induced metric Ĝ on the brane is thus obtained by enforcing ψ constant
in (4.28). Comparing again the integrable boundary conditions to the ones obtained
from the general sigma model, we can extract the gauge invariant two-form F on the
AdS D1-string,
F = k (1 + λ)
2
∆˜
sinh 2ψ coshωdτ ∧ dω. (4.29)
The DBI action simply gives,
SDBI = T1
∫
e−Φ
√
−det(Ĝab + Fab) = 2k T1 e−Φ0
∫
dτdω coshψ coshω, (4.30)
where we absorbed a factor of 1 + λ into the constant e−Φ0 . The action is readily
minimised when ψ0 = 0 where the D1-string is still of finite size. However, when
making appropriate gauge choices for the induced antisymmetric field B̂ and the U(1)
field strength F , in particular one where Aτ = 0, one can identify the usual quantisation
condition from the Gauss constraint of QED2 (following [67]) given by,
4piT1e
−Φ0 ∆˜Fτω√
−∆˜ det(Ĝab + Fab)
= 4piT1e
−Φ0 sinhψ = q ∈ Z (4.31)
with the integer q known to be the number of fundamental strings bound to the D1-
string [68]. Similar to the SU(2) example we thus have again, due to a flux quantisation
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condition, additional locations where the D1-strings are stabilised, independent of the
value of λ. However, contrary to the SU(2) case, this does not descend from topological
conditions of the boundary WZW (see also appendix B) as AdS3 is topologically trivial.
One could instead also consider the twisted conjugacy class obtained from conju-
gation by ω2 of eq. (4.20). The corresponding worldvolume is then characterised by
X2 = coshψ sinhω constant and is obtained from the previous fixed ψ-slices by a ro-
tation over pi in the spatial directions. The analysis of these worldvolumes are easily
done in the Poincare´ coordinates (t, x, u) ∈ R3 that are obtained by,
X0 +X1 = u, X0 −X1 =
(
1
u
+ u(x+ t)(x− t)
)
, X2 ±X3 = u(x± t). (4.32)
Eliminating then the coordinate u by ux = C with C a constant one can identify the
gauge-invariant two-form F to be,
F = 2k (1 + λ)
2
∆P
C2
x2
dt ∧ dx, (4.33)
with the dilaton factor ∆P in Poincare´ coordinates. The Gauss constraint similarly
quantises the constant C as,
4pi T1 e
−Φ0C = q ∈ Z, (4.34)
where again a factor of 1 + λ was absorbed in the constant e−Φ0 .
We conclude that from a classical point of view the AdS D1-strings in the λ back-
ground are still physical. Moreover they are stablised in the same manner as in the
WZW case, i.e. due to flux quantisation. Semi-classically it would be interesting to
perform a stability analysis of the quadratic fluctuations as was done for SU(2) in sec-
tion 4.1. In the λ case we expect the same stability conclusion as the WZW case (see
e.g. [69, 70]) accompanied with a lifting of zero modes. However, we will not pursue
this interesting point here.
5 Relation to generalised T-dualities
5.1 The non-Abelian T-dual limit
In a scaling limit λ → 1 the λ-deformation recovers the non-Abelian T-dual of the
principal chiral model [32]. To achieve this limit one expands the group element around
the identity,
g = 1+
i
k
vATA +O
(
1
k2
)
, (5.1)
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and takes k →∞ to find,
LA− = −
∂−vA
k
+O
(
1
k2
)
, RA+ = −
∂+v
A
k
+O
(
1
k2
)
, DAB = ηAB +
FAB
CvC
k
. (5.2)
In this limit the λ-deformed action (2.9) becomes the non-Abelian T-dual with respect
to the GL action of the PCM (2.1),
S =
1
pi
∫
∂+vA
(M−1)AB ∂−vB +O(1
k
)
, with M = κ2ηAB + FABCvC . (5.3)
For the case of SU(2) in the parametrisation used in eq. (4.1) this limit is achieved by
taking α = r
2k
with
v1 = − r√
2
sin β sin γ , v2 =
r√
2
sin β cos γ , v3 =
r√
2
cos β . (5.4)
The metric becomes
ds2NAbT =
1
κ2
(
dr2 +
r2κ4
r2 + κ4
ds2(S2)
)
. (5.5)
where ds2(S2) = dβ2 + sin2 βdγ2. The first point to note is that in the limit the
two-sphere remains intact so one anticipates that the D-branes described previously
are preserved. Performing the λ → 1 limit procedure on the boundary conditions of
eq. (4.3) yields,
∂−r = −∂+r ,
(r2 + κ4)∂−β = (r2 − κ4)∂+β − 2rκ2 sin β ∂+γ
(r2 + κ4)∂−γ = 2rκ2cscβ∂+β + (r2 − κ4)∂+γ .
(5.6)
To understand these conditions it is useful to work instead with the following
combination of worldsheet derivatives
L˚+ = −M−T∂+v , L˚− = +M−1∂−v , (5.7)
which can be used to construct a Lax connection for the dynamics of the non-Abelian
T-dual theory eq. (5.3):
L˚±[z] = 1
1∓ z L˚± , [∂+ + L˚+, ∂− + L˚−] = 0 . (5.8)
In terms of these the boundary conditions of eq. (5.6) take a remarkably simple form
L˚+ = L˚− . (5.9)
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This property of the boundary conditions holds in general, at least in the case where
we set the extra automorphism Ω = 1, and follows due to the limit
1
k + κ2
Og →M−T , (5.10)
from eq. (3.21).
Now for the punchline. The non-Abelian T-dual theory described by eq. (5.3) is
classically equivalent to the principal chiral theory
SPCM = −κ
2
pi
∫
dσdτ 〈g˜−1∂+g˜g˜−1∂−g˜〉 . (5.11)
The T-duality transformation rules are non-local in terms of the coordinates of the
sigma-models but in terms of world sheet derivatives are a canonical transformation of
the form
L˜a± = L˚± , g˜
−1∂±g˜ = −iL˜a±Ta . (5.12)
Thus we can immediately conclude that under non-Abelian T-duality the D2-brane
described by the boundary condition (5.6) results in
g˜−1∂σg˜ = 0 , (5.13)
i.e. a space-filling D3-brane.
This analysis agrees exactly with the integrable boundary conditions that we would
obtain for the principal chiral model by substituting the Lax (5.8) into the result (3.18)
(note that this holds as the Lax (5.8) satisfies eq. (3.15)) which leads to the boundary
conditions,
L˚± = Ω(L˚∓) = Ω ·DT (R˚∓) . (5.14)
Interestingly, these have the form of type N gluing conditions. In the context of the
WZW, these type N gluings eq. (B.9) preserve conformal invariance but break the
chiral-algebra (and for which a good understanding is still lacking to our knowledge).
It would be interesting to relate these observations to the recently appeared [50].
5.2 The pseudo-dual limit
A second interesting limit described in [71] is a scaling limit as λ→ −1 which results in
the pseudo-dual [72] of the principal chiral model. The pseudo-dual theory is obtained
by replacing the currents of the PCM with scalars according to
g˜−1∂µg˜ = µν∂νφ , (5.15)
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such that the conservation of the currents becomes a trivial consequence of the com-
mutation of partial derivatives. The Bianchi identities and equations of motion written
in terms of φ can be obtained from a “dual” action. However this is not a true duali-
sation [72] – even at the classical level the two theories are not related by a canonical
transformation and at the quantum level they have striking differences. The PCM is
asymptotically free where as the pseudo-dual is not. The PCM is quantum integrable
whereas the pseudo-dual displays particle production. Nonetheless it is intriguing that
the pseudo-dual action follows from the λ-theory upon the scaling
λ = −1 + κ
2
k
1
3
, g = 1+
i
k
1
3
φATA + . . . , k →∞ . (5.16)
Evidently in taking this limit one needs to relax the requirement that λ ∈ [0, 1] required
of the original construction of the λ-model.
Let us see the effect of this on the boundary conditions in the context of the SU(2)
theory. The scaling is quite similar; we define α = r
2k
1
3
and
φ1 = − r√
2
sin β sin γ , φ2 =
r√
2
sin β cos γ , φ2 =
r√
2
cos β . (5.17)
The limit k → ∞ can then be taken in the boundary conditions of eq. (4.3) resulting
simply in
∂τφ
i = 0 . (5.18)
In terms of the PCM variables we recover, as with the non-Abelian T limit, a D3-brane
described by
g˜−1∂σg˜ = 0 . (5.19)
5.3 Poisson-Lie dual interpretation
The λ-deformed theory is closely connected to a class of integrable deformations of
the principal chiral model known as η–deformation (also known as Yang-Baxter de-
formations) [73, 74]. To establish the relation between the λ and η theories one first
performs an analytic continuation of the coordinates parameterising the λ-theory and
also of the deformation parameter itself. Performing this analytic continuation in the
λ-deformed action of (2.9) results in a new (real) sigma-model that is the Poisson-Lie
T-dual to the η-deformation [53–56]. Our goal here is to track this connection through
with the boundary conditions considered here. To make this rather technical procedure
accessible we first introduce the rudiments of Poisson-Lie technology.
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Poisson-Lie T-duality [42] is a generalised notion of T-duality between a pair of
σ-models on group manifolds Ĝ and qG (with corresponding algebras ĝ and qg) that do
not enjoy isometries but instead posses a set of currents that are non-commutatively
conserved with respect to the dual algebra qg (ĝ). For this construction to be consistent
d = ĝ⊕ qg must define a Drinfeld double [75]. The two Poisson-Lie dual sigma-models
defined in this way are of the form,
Ŝ[ĝ] =
1
tη
∫
d2σL̂T+(E
−1
0 − Π̂)−1L̂− ,
qS[qg] = 1
tη
∫
d2σqLT+(E0 − qΠ)−1qL− , (5.20)
in which L̂±(qL±) are pullbacks of left-invariant one-forms for Ĝ( qG), E0 is a constant
matrix of freely chosen moduli, and Π̂(qΠ) is a matrix formed by the combination of the
adjoint action of Ĝ( qG) on itself and qG(Ĝ) according to,
ĝ−1T̂aĝ = aabT̂b , ĝ−1 qT bĝ = babTb + (a−1)ba qT b , Π̂ab = bcaacb , (5.21)
where T̂a and qT a resp. are the generators of ĝ and qg resp. The overall tension of the
sigma-models has been introduced for later convenience. What will be useful in our
consideration is that the two PL models are canonically equivalent [76, 77] with the
canonical transformation defined by,
P̂ = −qΠ qP + tη
2
qLσ , qP = −Π̂P̂ + tη
2
L̂σ , (5.22)
in which, if we letXµ be local coordinates on Ĝ, we define the momentum P̂a = L̂
µ
a
δS
δX˙µ
14.
In the context of the λ–η connection the relevant Drinfeld double is d = gC andqg is identified with a Borel sub-algebra coming from the Iwasawa decomposition gC =
g + a + n. The action qS is defined on the group manifold qG ∼= AN and is the one
obtained by analytic continuation of the λ–deformation. The dual action, i.e. the first
of eq. (5.20), is defined on the group manifold G and can be recast as,
Ŝ =
1
t
∫
d2σR̂T+(1− ηR)−1R̂− , (5.23)
in which R̂± are right-invariant one forms (pulled back) and R solves the modified clas-
sical Yang-Baxter equation. For the isotropic single parameter deformations considered
here E−10 =
1
η
1+R. This is the integrable η-deformation [73, 74].
14We adapt the results of the [32] to our conventions and restore the overall normalisation of the
sigma models.
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For didactic purpose we consider the case of the SU(2) λ-deformation. In the
parametrisation used in eq. (4.1) this analytic continuation amounts to a mapping
between coordinates (α, β, γ)→ (y1, y2, χ) and parameters (k, λ)→ (t, η) given by,
y1 +iy2 = i sinα sin βe
iγ , eχ = cosα+i sinα cos β , k =
i
4tη
, λ =
i− η
i+ η
. (5.24)
In this case the ĝ = su(2) and qg = e3 (Bianchi II) and we will work with group elements
parametrised by,
qg = ( eχ2 e−χ2 (y1 − iy2)
0 e−
χ
2
)
, ĝ =
(
e
1
2
i(φ+ψ) cos
(
θ
2
)
e
1
2
i(φ−ψ) sin
(
θ
2
)
−e− 12 i(φ−ψ) sin ( θ
2
)
e−
1
2
i(φ+ψ) cos
(
θ
2
)) . (5.25)
Applying the analytic continuation eq. (5.24) to the boundary conditions eq. (4.3)
yields a result that is real (as required to be a consistent boundary condition) and
rather elegant when written in terms of the momentum qP :
qP1 = 4
tη
e2χ
1 + e2χ + r2
qL2σ ,
qP2 = − 4
tη
e2χ
1 + e2χ + r2
qL1σ ,qP3 = 0 .
(5.26)
Notice that in these conditions all the complicated dependence on the deformation
parameter η (notwithstanding the factors of tη) is subsumed into the momenta qP . In
this form we can now immediately apply the canonical transformation of eq. (5.22)
to deduce the corresponding boundary condition for the η-deformed theory. Actually
something rather special happens; the canoncial transformation eq. (5.22) depends
explicitly not only on the momenta qP , P̂ and the left-invariant forms qLσ, L̂σ but also
on all the coordinates through the matrices qΠ and Π̂ in a rather complicated fashion. It
is then by no means guaranteed that when the canonical transformation is applied to the
boundary conditions of eq. (5.26) that what results will depend only on the coordinates
(θ, φ, ψ) that parametrise Ĝ. Reassuringly, however, this does indeed transpire to be
the case!
We are now in a position to present the boundary conditions of the η-deformed
principal chiral model obtained in this fashion. In terms of the coordinates themselves
the boundary condition takes a rather simple form,
∂σψ + sec θ∂σφ = 0 ,
η∂τθ + tan θ∂σφ = 0 ,
η∂τψ − sec θ∂σθ = 0 .
(5.27)
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For reference the geometry corresponding to the η-deformed theory reads
ds2 =
1
t
(
(dφ+ cos θdψ)2 +
1
1 + η2
(
dθ2 + sin2 θdψ2
))
,
B =
η
t(1 + η2)
sin θdθ ∧ dψ , H = dB = 0 .
(5.28)
Since all the coordinates enjoy (generalised) Neumann boundary condition we are de-
scribing here a space-filling brane supported by a worldvolume two-form F = B +
2piα′F . Making use of the above metric we can readily extract this two-form,
F = η
t(1 + η2)
sin θdθ ∧ dψ , (5.29)
showing that F = dA = 0.
It is also illuminating to express the results in terms of right invariant forms ,
R̂1 = − cosφ sin θdψ + sinφdθ , R̂2 = sinφ sin θdψ + cosφdθ , R̂3 = dφ+ cos θdψ .
(5.30)
such that the boundary conditions take the conventional form of a gluing,
R̂i+ = RijR̂
j
− , (5.31)
with
R = O−1+ O− , O± =
1
1± ηR . (5.32)
It is easily verified that R so defined is an algebra automorphism. It is worth empha-
sising that here the gluing between currents after the generalised duality is again with
an overall plus sign (it is of the form of a WZW N-type boundary condition eq. (B.9))
whereas in the original λ–deformed WZW the gluing between currents was with an
overall minus sign (i.e. of WZW D-type eq. (B.8)).
To close the circle we can again relate these boundary conditions to the general
integrable boundary condition construction. First we recall that the Lax for the η-
deformed PCM eq. (5.23) is given by [73, 74],
L±(η, z) = 1 + η
2
1± z adĝ−1 ·O± · R̂± . (5.33)
Using this we can readily see that boundary condition above is obtained from
Lτ (η, z) = Lτ (η,−z) (5.34)
– 28 –
and hence is of the form of the integrable boundary condition that one would obtain
from eq. (3.14) in which the extra automorphism Ω = 1 and when would choose the
freedom to change the deformation parameter conveniently (see also the discussion at
the end of section 3.1). Actually there is a second possibility,
Lτ (η, z) = Lτ (−η,−z) (5.35)
which also gives an integrable condition; this is just R̂+ = R̂−15.
6 Conclusions
We have seen that integrable boundary conditions of the λ-deformed theory can be
obtained by demanding that the monodromy matrix of the Lax connection generates
conserved charges even in the presence of a boundary. Rather elegantly these bound-
ary conditions can be described by (twisted) conjugacy classes, independent of the
deformation parameter and indeed as the deformation is turned off the known D-brane
configurations in WZW models are recovered. For the SU(2) theory the picture is nice;
viewing S3 as a two-sphere fibred over an interval the conjugacy classes correspond to
D2-branes wrapping the two-sphere (that shrink at the end points of the interval to
D0-branes), and the effect of the λ-deformation is in essence to determine the size of
the two-spheres. The quantisation of the world-volume flux remains consistent in the
deformed theory—all occurrences of the deformation parameter cancel—and enforce
that the D-branes sit at localised positions along the interval.
Armed with the integrable D-branes of the λ-model we were then able to show their
connection to D-branes in the PCM and its η-deformation. First we could track the D-
brane boundary condition through to the non-Abelian T-dual point (λ = 1) and dualise
them to an N-type boundary condition of the PCM, which is also integrable. Alterna-
tively we could perform analytical continuation to ascertain boundary conditions for
a Poisson-Lie sigma model on the group manifold AN appearing in the Iwasawa de-
composition GC = GAN . The boundary conditions produced in this fashion were then
Poisson-Lie T-dualisable and produced N-type boundary conditions of the η-deformed
PCM. Again we saw explicitly that these D-branes of the η-deformed PCM are inte-
grable. The exchange of N -type and D-type boundary conditions in this approach is a
15This later choice however appears incompatible with PL T-duality, this is easily seen since the
boundary condition is equivalent to L̂σ = 0 and making use of the canonical transformation eq. (5.22)
this leads to a PL dual condition 0 = tη2 (1− Π̂qΠ) qP + Π̂qLσ which still depends on the coordinates of ĝ
and is thus non-local.
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phenomenon that seems generic in the context of non-Abelian and Poisson-Lie theories.
Let us comment on a few interesting open problems triggered by this study.
The concerns and analysis of this paper have been predominantly classical. An impor-
tant next direction is to make more precise the quantum description corresponding to
the boundary conditions considered here. Assuming no Goldschmidt-Witten anomaly
is encountered one might anticipate that the integrability transfers to the quantum
theory. Here the situation is rather intriguing. A bulk S-matrix is conjectured – and to
a certain extent derived via quantum inverse scattering – for the λ-deformation and has
a factorised product form S(θ) = X(θ)SSU(2)(θ) ⊗ SRSOSk(θ) (for the SU(2) theory),
in which the first factor is the SU(2) rational solution of the Yang-Baxter equation
and the second is a interaction round a face type block that is thought of as describing
kink degrees of freedom [78]. A quantum integrable boundary should supplement this
bulk S-matrix with a boundary ‘K-matrix’ that obeys a boundary version of the Yang-
Baxter equation [16, 17] . It will be interesting, and the subject of further investigation,
to establish the boundary K-matrix corresponding to integrable boundary conditions
found within. Developing this line further, the quantum inverse scattering construction
shows how the λ-theory can be quantised on a lattice as a spin k XXX Heisenberg chain
with impurities [78]. It is appealing to establish a match between integrable boundary
conditions of such spin chains (studied e.g. in [26]) and the boundary conditions of the
continuum theory we constructed here.
Here we have considered just bosonic λ-theory on a group manifold. These λ-deformations
have an analogue in the context of symmetric spaces [34] (i.e. deformations of gauged
WZW models) which will be of interest to study, with the anticipation that the geomet-
ric description of D-branes of [79–82] persists in the deformed theory. Going further one
can consider λ-deformations of theories based on supercosets with applications to the
AdS5 × S5 superstring [33, 35]. Here the deformation is expected to be truly marginal
and conjectured to correspond to a root-of-unity deformation of the holographic dual
gauge theory. The study of the integrable D-branes in this arena also seems profitable.
One way to introduce fermionic degrees of freedom is by considering supergroups or
supercosets as target manifolds as outlined in the previous paragraph. Another way is
through the supersymmetrization of the deformed σ-model thereby introducing world-
sheet fermions. We expect that the results obtained in this paper carry over unchanged
to the N = (1, 1) supersymmetric version of the isotropically λ-deformed theory. How-
ever as is well known, going to N = (2, 1) or N = (2, 2) supersymmetry, which is needed
– 30 –
when one has string theoretical applications in mind, requires additional geometrical
structure(s) thereby strongly restricting the allowed target manifolds and the choices of
metric and torsion on it. E.g., on integrable Yang-Baxter deformation of the PCM with
a Wess-Zumino term (which is a generalization of the η-deformed PCM) it is highly
unlikely that one can go beyond N = (1, 1) supersymmetry [83]. As far as we know,
the question whether λ-deformed theories allow for extended supersymmetry, even in
the absence of boundaries, has not been addressed yet and forms an interesting open
question.
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A General sigma models with boundaries
To establish our sigma model conventions we briefly review the necessary basics of
bosonic open strings in general curved backgrounds (see for instance [7]). We discard
the dilaton in this brief discussion and adapt throughout this paper the open string
picture.
The string sigma model is a theory of maps Xµ(τ, σ) from the worldsheet Σ
parametrised by (τ, σ) to a target space manifold M parametrised by Xµ with µ ∈
{0, · · · , D− 1}. Considering open strings, the worldsheet Σ has a boundary ∂Σ that is
mapped in the target space to a p+ 1-dimensional submanifold16 N ⊂M known as a
Dp-brane. For a target space with metric Gµν(X) and anti-symmetric 2-form Bµν(X)
16We do not consider the possibility of intersecting D-branes nor a stack of D-branes here.
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the sigma model action is
Sσ =
1
4piα′
∫
d2σ
√−g∂αXµ
(
gαβGµν(X) + 
αβBµν(X)
)
∂βX
ν +
∫
∂Σ
dτAa(X)
dXa
dτ
,
(A.1)
with Aa(X) the U(1) gauge field coupling to the end-points of the open string and
a ∈ {0, · · · p} denoting the tangent directions to the worldvolume of the Dp-brane. In
conformal gauge, gαβ = diag(+1,−1), and lightcone coordinates, σ± = τ ± σ, we have
Sσ =
1
piα′
∫
dσdτ ∂+X
µ (Gµν(X) +Bµν(X)) ∂−Xν +
∫
∂Σ
dτ Aa(X)
dXa
dτ
. (A.2)
Varying the action with respect to the fields Xµ (to obtain the equations of motion) one
encounters a boundary term leading to Dirichlet and (generalised) Neumann directions
provided the metric splits orthogonally:
Dirichlet: δX â|∂Σ = 0 ⇒ ∂τX â|∂Σ = 0 , (A.3)
Neumann: Gab(X)∂σX
b|∂Σ = (Bab(X) + 2piα′Fab(X)) ∂τXb|∂Σ , (A.4)
with â = p + 1, . . . , D − 1 the directions normal to the Dp-brane and where we intro-
duced the Abelian field strength Fab(X) = ∂aAb(X) − ∂bAa(X). The classical energy
momentum tensor of the sigma model is given by
Tαβ = ∂αX
µGµν(X)∂βX
ν − 1
2
gαβg
γδ∂γX
µGµν(X)∂δX
ν . (A.5)
and in light cone coordinates we have,
T±± = ∂±XµGµν(X)∂±Xν , T+− = 0 . (A.6)
It is straightforward to see that on the boundary, imposing either Dirichlet conditions
(A.3) or generalised Neumann conditions (A.4), the energy-momentum tensor satisfies
T++|∂Σ = T−−|∂Σ → T10|∂Σ = 0 . (A.7)
which we will call the (classical) conformal boundary condition. Hence, there is no
momentum flow through the boundary (although A and B charge can be interchanged).
If we now summarise the Dirichlet and Neumann conditions (A.3, A.4) using a map W
that combines them as,
∂+X
µ|∂σ = W µν∂−Xν |∂σ , (A.8)
then the Dirichlet conditions correspond to −1 eigenvalues of W while the generalised
Neumann conditions are described by all other eigenvalues. The classical conformal
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boundary condition eq. (A.7) then requires that W preserves the target space metric
G,
W TGW = G . (A.9)
The dynamics of the Dp-brane with tension Tp is governed by the DBI action (through-
out this paper we ignore the scalar fields parameterizing the fluctuations transversal to
the brane),
SDBI = Tp
∫
e−Φ
√
det(Ĝab(X) + Fab(X)), (A.10)
where Ĝab(X) is the induced metric on the worldvolume and Fab(X) is the gauge-
invariant worldvolume flux given by
Fab(X) = B̂ab(X) + 2piα′Fab(X) , (A.11)
with B̂ab(X) the induced anti-symmetric 2-form.
B WZW models and conventions
In this appendix we collect a number of conventions together with a short review
concerning (boundary) WZW models. The WZW model is a non-linear sigma model of
maps g(τ, σ) from a 1+1 dimensional Riemann surface Σ (with or without boundary)
to a Lie group G. The model is exact conformal invariant and hence simple enough to
describe strings propagating in curved backgrounds.
Before writing down the action let us make our conventions clear. We pick for
the Lie algebra a basis of hermitian generators {TA}, with A = 1, . . . ,Dim(G), that
satisfy [TA, TB] = iFAB
CTC . The ad-invariant metric on the Lie algebra is given by
〈TA, TB〉 = 1xr Tr(TATB) = ηAB with xr the index of the representation r. The left
and right-invariant Maurer-Cartan one-forms are expanded in the Lie algebra as L =
g−1dg = −iLATA and R = dgg−1 = −iRATA respectively. They are related by an
adjoint action D(g) [TA] = D
B
A(g)TB = gTAg
−1 so that DAB(g) = Tr (g−1TAgTB) and
DTAB(g) = DAB(g
−1). Hence, RA = DAB(g)LB.
The WZW action [8] is
SWZW,k(g) = − k
2pi
∫
Σ
dσdτ〈g−1∂+g, g−1∂−g〉 − k
4pi
∫
M3
H , (B.1)
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where H is the closed torsion 3-form (locally satisfying H = dB) given by
H =
1
6
〈g¯−1dg¯, [g¯−1dg¯, g¯−1dg¯]〉, (B.2)
with g¯ the extension of g into M3 ⊂ G such that ∂M3 = g(Σ). There are two topological
obstructions for the consistency of the definition of the WZW action and its quantum
theory17. First, the existence of M3 is guaranteed only when the second homology
group H2(G) is empty. Second, the path integral based on this action is insensitive
to the choice of extension provided that the third cohomology class [H]/2pi ∈ H3(G)
is integral. For SU(2) we have H3(SU(2)) ∼= Z requiring the level k to be integer
quantised while on the other hand for SL(2,R) we have H3(SL(2,R)) empty which
allows the level k to be free. We want to emphasise here that comparing the WZW
action, which in terms of vielbeins is,
SWZW,k(g) =
k
2pi
∫
Σ
dσdτLA+ηABL
B
− +
k
24pi
∫
M3
FABCL
A ∧ LB ∧ LC , (B.3)
to a worldsheet model (A.2) we have units in which α′ = 2, crucial for k ∈ Z when
G = SU(2).
The WZW model is invariant under a global G(z) × G(z¯) action leading to an
infinite-dimensional symmetry group described by the chirally conserved holomorphic
Kac-Moody currents18
J(z) = −k ∂gg−1, J¯(z¯) = k g−1∂¯g , (B.4)
in the conventions z = x0 + ix1 = iσ+ and z¯ = x0 − ix1 = iσ− with the Euclidean
worldsheet coordinates (x0, x1) = (iτ, σ) and lightcone coordinates σ± = τ ± σ. At the
quantum level the current algebra takes the form,
JA(z)JB(w) =
iFABCJ
C(w)
z − w +
kηAB
(z − w)2 + reg. , (B.5)
and analogous for the J¯ J¯ OPE (hence the sign difference in the definition (B.4)).
The exact conformal invariance is established through the energy-momentum tensor
obtained via the Sugawara construction based on the current algebra [1],
T (z) = Tzz(z) =
1
2(k + h∨)
ηAB(J
AJB)(z), (B.6)
17By construction it is obvious that these obstructions still apply for the λ model (2.5).
18Note that whether the left current is holomorphic or anti-holomorphic depends on the sign of the
WZ term.
– 34 –
where h∨ is the dual Coxeter number of G (here we assumed for simplicity G to be
semi-simple). The central charge of the theory can then be found to be,
c =
k dim(G)
k + h∨
, (B.7)
and all analogous for T¯ (z¯).
When considering a boundary in the WZW model one will seek boundary conditions
that preserve its exact conformal invariance. Since the CFT is easily described in terms
of the chiral currents (B.4) it is convenient to express these boundary conditions as a
class of gluing conditions19 for the currents at z = z¯,
J(z)| = ΩJ¯(z¯)|, (B.8)
with Ω : g→ g. To preserve the exact conformal invariance the gluing condition should
satisfy the conformal boundary condition T (z)| = T¯ (z¯)| . This translates into the
condition that the gluing map Ω should be an isometry of the ad-invariant Lie algebra
metric. One could further require Ω to be an algebra automorphism and, hence, the
gluing condition to preserve also the infinite-dimensional current algebra (B.5). The
corresponding D-brane configurations are well-understood and known as symmetric D-
branes [9–12] or of ‘type D’ [12], a terminology that we will adapt. Another possibility
analysed in [12, 62], where it was dubbed ‘type N’, is to consider,
J(z)| = −ΩJ¯(z¯)|. (B.9)
with Ω a metric-preserving automorphism. They preserve the conformal invariance
but do not preserve the current algebra which makes them somewhat more difficult
to analyse. However, as suggested in section 5 they seem to be related by generalised
T-dualities in the context of the λ deformation of the WZW model.
From the sigma model point of view the WZW action (B.1) is necessarily modified
when the Riemann surface Σ has a boundary ∂Σ [45, 64–66]. The image of g(∂Σ) is
a (D-brane) submanifold N of G on which a two-form ω lives such that the restriction
of H on N coincides with dω. Locally the two-form coincides with the gauge-invariant
worldvolume flux F , i.e. ω = B̂+ 4pidA [66]. The action of the boundary WZW model
is,
SWZW,k(g) = − k
2pi
∫
Σ
dσdτ〈g−1∂+g, g−1∂−g〉 − k
4pi
∫
M3
H +
k
4pi
∫
D2
ω , (B.10)
19To compare these gluing conditions (which take value in TeG) to sigma model boundary conditions
of the form (A.9) one should still translate them to TgG.
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where M3 ⊂ G with boundary ∂M3 = g(Σ) + D2 and D2 ⊂ N . Note that only
the boundary equations of motion will depend on the two-form ω. Demanding that
the boundary conditions obtained from the gluing conditions that preserve conformal
invariance (B.8) coincides with the boundary conditions from the sigma model approach
(A.3) and (A.4) will completely determine the two-form ω on the D-brane in terms of
the gluing map Ω as in [10, 64, 65].
Again, there are two topological obstructions for the consistency of the definition
of the boundary WZW action and its quantum theory (for a detailed exposition see
[45, 64, 66]) . The existence of M3 and D2 is guaranteed only when the second relative
homology H2(G,N) vanishes. The path integral is insensitive to the choice of M3 and
ω provided that the third relative cohomology class [(H,ω)] ∈ H3(G,N) is integral. As
seen in section 4 this condition enforces for G = SU(2) the position of D2-branes to
sit on only a discrete number of values. Locally this quantisation condition coincides
with the quantisation of the worldvolume flux of the U(1) gauge-field A on the brane
[59, 66]. For G = SL(2,R) the position of the D1-strings will not be constrained by this
particular topological obstruction; however, the D1-strings carry a natural quantisation
descending from the Gauss constraint of two-dimensional gauge theory on the brane
[67, 68].
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